When the surface of a ship meets the water surface at an acute angle with a high relative velocity, significant short duration forces can act on the hull plating. Such an event is referred to as a slam. Slam loads imparted on ships are generally considered to be of an impulsive nature. As such, slam loads induce vibration in the global hull structure which has implications for both hull girder bending strength and fatigue life of a vessel. A modal method is often used for structural analysis whereby higher order modes are neglected to reduce computational effort.
Introduction
For the efficient operation of high speed craft it is critical that the vessel mass be minimised to improve speed and efficiency without compromising the structural strength. To do so the operating loads acting on the structure need to be accurately estimated. When operating in rough seas, the significant relative motion between the vessel and the water surface can result in the hull encountering the water surface at an acute angle imparting impulsive loads to the hull (Faltinsen, et. al., 2004) . The impulsive event, referred to as a slam, excites the hull structure causing structural vibration. Kapsenberg (2011) states that the slamming problem can be subdivided into a local problem, including a subset of the ship structure in the vicinity of the slam impact, and a problem of the global response of the hull girder.
Of interest here is the global longitudinal vibration of the hull girder, known as whipping.
In the catamaran hull form the wet-deck, which is the horizontal structure connecting the two demihulls, presents a large flat surface which is susceptible to extreme slam events. Wet-deck slam loads can be so large that the imparted impulsive load results in the greatest longitudinal bending strength requirement for the vessel (Lavroff et al., 2010 and Thomas et. al., 2003) . Further reinforcing the significance of the slam loads is the requirement by class societies to provide first principles derivations of the loads acting on high speed catamarans greater than 100 m in length (DNV, 2011) . Ge et al. (2005) presented a method for estimation of wet-deck slam loads on a conventional catamaran and demonstrated fair agreement to experimental work. In contrast to the conventional catamaran, the wave piercing catamaran hull form, shown in Fig. 1 , introduces a centre bow to reduce the horizontal surface area and provide a progressive water entry. In extreme conditions, however, slamming can still occur once the centre bow is fully immersed. The significant geometric features of a wave piercing catamaran are presented in Fig. 2 .
The slamming process in wave piercing catamarans is quite unlike that of any other type of vessel. In the most extreme slam events, the first phase of the slam is a bottom slam on the forward section of the demihulls. From a global perspective, the demihull bottom slam is of little consequence, due to the relatively small surface area of the demihulls. This is followed by entry of the centre bow during which jet flows are formed by both the centre bow and the demihulls as the arch ways between the centre bow and demihull segments fill. At the time of arch filling a final very rapid peak in the slam force is observed. The multiple events in the overall slam impart energy to the structure on multiple time scales. This general process has been documented by Lavroff et al., 2011; Amin, 2009 and Shahraki, 2014 . Wave piercing catamarans are relatively stiff in bending owing to the overall height of the structure relative to the length with a ratio of approximately 1:5. As a consequence the two node bending frequencies are relatively high being around 2.4 Hz for a 112 m vessel (Amin et al., 2014) and with damping ratios around 0.05 (Thomas et al., 2008) . Table 1 shows that the INCAT catamaran is relatively much lighter and stiffer, resulting in significantly higher vertical bending mode frequencies; unsurprising given that the INCAT catamaran is all aluminium construction and is significantly stiffened by the presence of the two demihulls. Thus, whipping occurs at a much higher frequency (about 2.4 Hz) than the wave encounter frequency at which peak slamming occurs, approximately 0.23 Hz. Wet deck slam loads are substantial with peak slam forces of the order of the vessel weight (Amin et al., 2009 ).
Furthermore, for wave piercing catamarans the slam excitation and global vibration response have similar time scales allowing significant energy to be transferred to whipping vibrations which follow slam events. As there is similarity in the time scales, quantifying the slam impulse alone is insufficient as the temporal variation in slam force can significantly affect the structural response.
The complex fluid structure interaction present during slam events often necessitates the separation of the fluid and structural solutions. This requires assumptions to be made over the nature of the fluid forcing and can lead to significant errors in the predicted slam loads and structural stresses (Das and Cheung, 2012) . In order to accurately capture the non-linearity present during slam conditions, numerical simulations are receiving increased attention (Castiglione et. al. 2011) . Finite element methods are commonly used to model the ship structure which can be computationally expensive for transient simulations. If the global bending stresses in the hull girder are of interest, the structural solution can be performed on a modal basis using a restricted set of low frequency modes. In such cases, the local stresses in the hull plating and frame must then be estimated separately. As slam events are of relatively short duration the participation of higher order modes in the whipping response could be expected. It is therefore necessary to determine an appropriate truncation point to ensure that the global bending moment and shear force distributions are correctly estimated. Cheung et al. (1998) demonstrated that for the SWATH (small waterplane area twin hull) form, the high frequency modes may be necessary, even in non-slamming conditions, to correctly identify effects of local stress concentrations. Bishop and Price (1979) investigated the modal convergence for the symmetric response under nonslamming conditions and concluded that truncation of the solution to 3 flexural modes is typically adequate for conventional ships, while inclusion of 6 flexural modes is conservative. However, high speed catamarans are relatively stiff in bending and these conclusions for conventional ship hulls do not necessarily apply in the case of catamaran ferries. In non-slamming conditions, the spatial variation of the hydrodynamic loading is on the scale of the wavelength. As the wavelengths become small relative to the ship length, the wave height decreases such that the spatial variation is small. However, slamming loads can be rapid and highly localised allowing significant energy to be imparted to the higher order modes and the modal convergence under such conditions needs to be considered in the broad context of light weight catamaran ferries.
A wet-deck slam event was recorded on a 112m INCAT catamaran during a Bass Strait crossing during the delivery voyage (hull 064, shown in Fig. 1 ). The transient record from an accelerometer mounted at the bow is shown in Fig. 3 (Lavroff et al., 2009 ). The resultant whipping vibrations are dominated by decaying oscillation at 2.4 Hz, which coincides with the fundamental longitudinal vibration modal frequency as estimated by Amin et al.
(2014) using finite element analysis for a similar vessel. Fourier and continuous wavelet transform of the signal reveals smaller magnitude accelerations at higher frequencies, as shown in Fig. 4 . This suggests that the slam impulse imparts energy to the higher modes also.
The slamming behaviour of the 112 m INCAT vessel has previously been investigated at model scale using hydroelastic segmented models (Lavroff, 2009; Amin, 2009; Matsubara, 2011; French, 2012; Shahraki, 2014) . Fig. 5 (Lavroff, J., 2009b) shows a 2.5 m long model with a displacement of 27 kg during centre bow entry. Jet flows can be seen to form on the centre bow and demihulls and meet at the top of the arch. During water entry the centre bow produces an upward force as a result of both buoyant and hydrodynamic forces. Confluence of the jets formed during demihull and bow entry and eventual filling of the arch result in significant localised loading. At model scale the peak slam force of 230 N was measured which is 87% of the model displacement (Lavroff et. al., 2011) . This is consistent with full scale trials where the peak slam load reached 93% of the total vessel weight during trials (Thomas et al., 2003) . In the model scale vibration response, structural modes with modal frequencies of more than four times the fundamental frequency have been observed in the whipping response (Lavroff et. al., 2011) demonstrating that the slam is of short duration and that higher order modes can be excited by wet-deck slam events.
In this paper the effect of the temporal slam duration on the whipping response is investigated through a theoretical model representative of a ship. In structural impact testing, the duration of the impact is altered to impart energy to the vibration modes of interest and provide minimal excitation to higher order modes (Waltham and Kotlicki, 2009) . Increases of the impact duration reduce the response of high frequency modes. In the same manner, the temporal distribution of the slam load will affect which modes are excited by the slam and participate in the whipping response. Clough and Penzien (1993) provide a brief general summary of the effect of pulse duration in undamped second order systems. The analysis in this paper further considers a continuous system in the context of global ship vibration. A prescribed forcing term is imparted to a structural model of the ship which includes added mass terms. Apart from the added mass terms effects of two-way coupling are not considered, thus the analysis can be classified as a one-way fluid structure interaction. In this context hydroelastic two-way coupling (i.e. hyrdoelasticity) implies that the structural dynamic deformation modifies the overall fluid flow pattern significantly.
In the present application the hull vibration does induce added mass effects in the surrounding fluid but is small in displacement relative to the scale of the flow features. Amin (2009) Bishop and Price (1979) . More recently Timoshenko beam theory has been used by Jang et al. (2007) to estimate steady state vibration of the hull girder in response to wave excitation in non-slamming conditions and by Dessi and Mariani (2008) to predict the structural response of a high speed monohull in slamming conditions. However, here the model is used to consider the effect that variations in the temporal distribution of the slam force have on the hull girder with a primary focus on the slam duration. While a uniform beam model is somewhat abstracted from the reality of a ship encountering waves with significant forward speed, it is utilised to gain understanding of the dynamics involved The time range of interest in this investigation commences at the slam initiation and ends at the time of peak bending response. Over this time period variations in sectional properties, such as added mass, are minimal: as the global bending frequencies of wave piercing catamarans are significantly higher than wave encounter frequencies in slamming conditions. Thus, the temporal variations in sectional properties are neglected.
Model
The representative model of the wet ship system is shown in Fig. 6 and consists of an Euler beam of stiffness, , and linear density, , to represent the hull girder, resting on an elastic foundation with stiffness per unit length, ̂, to represent the hydrostatic forces. An external distributed load, , acting on the hull girder was considered and used to represent the slam impulse. The governing equation of the system is:
where a superscript roman numeral has been used to denote derivative differentiation with respect to space and an over-dot for differentiation with respect to time. The associated boundary conditions are:
which represent zero shear force and zero moment at both ends of the beam (free-free). As the modal characteristics in the impulse response were of interest, a modal analysis was performed to extract the mode shapes and frequencies of the system. Using a separation of variables:
and assuming simple harmonic motion:
the unforced system can be reduced to:
with:
Equation 6 is of the same form as a free-free beam without elastic base and thus the mode shapes are those of the simple free-free beam. However, the relationship between the wave-number and the modal frequencies, Equation 7, is modified by the elastic base stiffness and, hence, the modal frequencies are dissimilar to the simple free-free beam. In the current treatment, the rigid body modes are treated in the same manner as the flexible modes. The modes are thus generalised modes as discussed by Tuitman et al. (2012) . The first six modes are presented in Fig. 7 .
By the mode superposition principle (Rao, 1995 ) the equation of motion was decomposed into decoupled equations describing the system:
The ℎ decoupled equation is found by multiplying Equation 8 by the ℎ mode shape, ( ), and integrating over the spatial variable, , from 0 to :
As the mode shapes are orthogonal to one another, only the ℎ term of the sums in Equation 8 is non-zero. The parameter is the generalised force:
The parameter is given by:
As a transient analysis is to be performed, it is necessary to introduce damping to the system. Here it is assumed that the damping does not couple the modes and can be applied to each mode individually. Thus, the temporal equation of motion (Equation 9) was modified to include damping and implemented as in Equation 12:
In the following section this analysis of the transient response to impulsive structural loadings is focused on the particular case of wave slam on the structure of a wave piercing catamaran. Features of interest which distinguish this case are the very rapid nature of the dominant slam loading which occurs when the arches between the centre bow and the main demi-hulls fill and the relatively stiff bending characteristics of the catamaran hull which has a relatively small ratio of the overall structural height to vessel length. The consequence is that both slam loading and bending (or whipping) vibration have short time frames when compared to other classes of vessel. Thus the particular structural response to slamming of a wave piercing catamaran is influenced by the short time frames of excitation and response and so differs significantly from the response encountered in many other ship structures.
Model Parameters for a 112m INCAT Wave Piercing Catamaran
The uniform beam model was used to investigate the effects of the slam duration on the response of the longitudinal vertical bending modes of INCAT hull 064, a 112 m wave piercing catamaran. A general arrangement of Hull 064, Natchan Rera, is shown in Fig. 8 . Estimates of the mass and stiffness parameters for the uniform beam model were made for the wet ship system. The added mass was treated as constant and equal to 71% of the hull mass as estimated by Amin (2009) for a similar vessel. Temporal variation in added mass is not considered in the present analysis. The temporal variation in added mass occurs on the time scale of the encounter frequency which is significantly longer than the time scale of the vertical bending frequencies in wave piercing catamarans. Thus, any variation in added mass occurring between the peak slam force and peak bending response is expected to be insignificant. The ship particulars are presented in Table 2 as well as the estimated slam impulse magnitude, slam induced vertical bending moment, and dominant slam location in head seas, all being extrapolated from model scale test data gathered by Lavroff (2009b) . The slam duration is based on both extrapolation from model scale data gathered by Lavroff (2009b) and full scale data analysed by Amin (2009) . The fundamental longitudinal bending frequency was estimated by Lavroff (2009) . 
The elastic base stiffness, ̂, was approximated using the dry hull weight, , the vessel draft, , and waterline length as in Equation 19:
Finally, the beam stiffness, , was selected to match the fundamental bending frequency predicted by the model to the experimentally determined frequency of 2.4 Hz. The mass and stiffness distributions used in the model are compared to finite element estimates for the 112 m catamaran vessel in Fig. 9 and Fig. 10 . The mass distribution varies significantly along the vessel with a mean value of 35.4 × 10 3 kg m -1 . There is reduced variation in the stiffness which has a mean value of 2.04 × 10 12 Nm 2 . Both means are within 3% of the parameters used in the uniform beam model which was established so as to give the correct whipping mode frequency.
A modal analysis was performed to identify the modelled frequencies of the system modes and the first 6 modal frequencies are presented in Table 4 . The heave and pitch frequencies are dependent on the system mass and elastic base stiffness. As they are not relevant to the flexural response, they were not matched to experimental data. By parameter selection, the first longitudinal frequency agrees with the experimental measurement. respectively. It follows that estimation of accurate damping ratios would be a complicated task and so the direct overall measurement of the damping ratios by Lavroff and Thomas is taken as the basis here. A damping ratio of = 0.05 was applied to the first five modes and a ratio of = 0.1 was applied to the higher modes. Typically the higher order global modes of ship structures have larger damping ratios, thus the values used were representative of the system. As the damping ratio has a significant effect on the response magnitude, only two damping values are used here such that the effect of force duration on the response was not masked by changes in damping ratio. Effects of variation in the damping ratio were not explicitly investigated.
Dirac Delta Function Impulse Response
The response of the system to a Dirac delta impulse was first considered. This ensured that the high order modes would be excited and enable their contribution to global bending moment to be analysed. Two separate impact locations were considered and the effect on both the displacement response and bending moment response was observed. The displacement and bending responses were calculated for truncated modal solutions using modes.
The peak displacement is presented as a function of in Fig. 11 for an impact at the bow and the dominant wetdeck slam location in head sea conditions. In both cases the heave and pitch modes account for the majority of the global motion and after inclusion of the fundamental bending mode ( = 3) the peak displacement is effectively converged. As the Dirac delta function impulse imparts energy to the high frequency modes this shows that even for short impulses, where higher frequency modes are excited, the low order modes remain dominant in the global displacement response.
The estimated spatial deflections at four instants in time following an impact at the dominant slam location are shown in Fig. 12 using truncation numbers of = 3 (1 flexural mode) and = 30 (28 flexural modes). Significant differences between the two solutions are evident immediately after the impact. However, as the motion develops in time the response of the lower order modes becomes dominant. After 0.1s there is little difference between the two solutions. As the higher frequency modes respond more quickly to the onset of the impact they are dominant in the early response but the magnitude of their displacement response is small. Additionally, the high frequency modes decay quickly, as they complete a significant number of cycles over a short period of time. Thus, the lower order modes become increasingly dominant as the transient response unfolds.
It can also be seen in Fig. 12 that the early deflections, which result from the high order modes, are confined to an area close to the impact location. As a result, the presence of higher order modes in the whipping response may only be observable in measurements which are in the vicinity of the slam impulse. The peak vertical bending moment response as a function of the truncation number to the Dirac delta function impulse of 9 MNs, extrapolated from model scale results (Lavroff, 2009b) , is shown in Fig. 14 for an impact at the bow and at the dominant wet-deck slam location in head sea conditions. Both show a general linear trend with a superimposed oscillatory component for the impact at the dominant slam location due to the proximity of the impact to the system nodes. In contrast to the displacement response, the bending moment response does not converge as the truncation number is increased. The convergence of the system displacement response for the same forcing condition shows that it may be difficult to quantify the modal participation based on the displacement response alone. Any real loading case cannot be of infinitely short duration and the peak bending moment will converge to a finite value as the truncation number is increased. However, this does emphasise that the higher order modes, if excited, can contribute significantly to bending stresses despite their smaller displacement response.
Effect of impulse duration on displacement and bending moment response
The duration of the slam force alters the response of the system modes. To isolate the effect of force duration the impulse, = ∫ , was held constant while the force duration was varied. To this end, the transient force function was defined as a rectangular pulse, as represented by Equation 20, and the peak force magnitude was scaled by the force duration; a point force is considered to isolate the temporal effects from spatial effects:
The force duration is represented by Δ ; is the Heaviside step function; and 0 and 1 are the times at which the force commences and terminates respectively. The transient displacement response of the system to a rectangular pulse with duration Δ = 0.15s (the typical slam duration presented in Table 2 ) is shown in Fig. 15 for modes 3, 4 and 7. We see that modes 4 and 7 have very small displacements compared to mode 3 by factors of 50 and 100
respectively. Three distinct response characteristics are observed. The transient displacement response of mode three (the fundamental bending mode) exhibits an impulse response characteristic of decaying oscillation about zero mean. For mode seven, the rectangular pulse has a significant duration relative to the modal period. As a result, the response of mode seven has step response characteristics where the upward and downward edges of the transient force at times 0 and 1 can be considered as separate step response events. Finally, the modal period of mode four is of a comparative time to the rectangular pulse duration and as a result the response of mode four lies in a transitional region; it exhibits neither impulse response nor step response characteristics.
The observed transitional behaviour reveals that for the 112 m INCAT catamaran, only the fundamental bending mode responds with impulse characteristics to an impact with the typical slam duration and the fundamental mode displacement response is very much larger than the higher modes. It is therefore necessary to identify the behaviour of the system through the transitional region to understand the response of each vibration mode to the slam forces.
To quantitatively investigate the displacement response as a function of the impact duration, the transient displacement response of each mode was characterised by the peak displacement, ℎ max, , which occurs in the transient response. The peak displacement is marked for each mode by a cross in Fig. 15 .
The effect of the force duration on the peak displacement of modes 3, 6, 9 and 12 is shown in Fig. 16 . All modes exhibit a reduction in peak displacement for increased force durations, with the reduction occurring at higher rates for the higher frequency modes. The relationship can be better understood by non-dimensionalising the parameters.
The force duration was non-dimensionalised using the modal undamped natural period, , as in Equation 21:
Two different dimensionless forms of the peak displacement were considered. The first is a normalisation using the peak force magnitude (̂= /Δ ) and the second instead uses just the magnitude of the impulse ( ). In both forms, the modal mass ( ) and modal frequency ( ) are also included in non-dimensionalising the response. The force-normalised peak displacement was calculated using Equation 22 which represents the ratio between the peak displacement and the quasi static displacement for the impulse force. * = ℎ max,
Fig . 17 shows the force-normalised peak displacement as a function of the dimensionless force duration. In this form, the shape of the curve is independent of the mode and depends only upon the damping ratio ( ). As the force duration tends toward zero the impulse force magnitude tends toward infinity, as does the quasi static displacement.
Therefore, the force-normalised peak displacement tends toward zero. As demonstrated by Fig. 15 , the system response tends towards step response behaviour as the force duration increases relative to the modal frequencies and the response is limited by the step response overshoot ratio, as given by Equation 23:
The force-normalised peak displacement can then be approximated for long force durations using Equation 24:
A step response for an undamped system ( = 0) has an overshoot ratio of 1 and a force-normalised peak displacement of 2. That is, the dynamic peak displacement is twice the quasi static as the system oscillates about the new equilibrium point with constant amplitude equal to the change in equilibrium position. For this reason the forcenormalised peak displacement in Fig. 17 asymptotically approaches 2 as the force duration increases. In a system with critical damping ( = 1) the overshoot is zero and the dynamic peak displacement is equal to the quasi static peak displacement. For modes with low damping ratios the peak displacement can be approximated well using the step response approximation once the force duration exceeds half the modal period, > 0.5. As the damping ratio increases towards critical damping ( = 1) the force duration must exceed the modal period ( > 1) before the step response approximation can be used to describe the peak displacement. In all cases, the step response approximation overestimates the displacements for short durations. Bishop and Price (1979) quote damping factors ranging from 0.005 to 0.073 which is equivalent to a damping ratio range of 0.0025 to 0.037. For wave piercing catamarans, Thomas (2008) reported decay coefficients up to 0.14 which is equivalent to a damping ratio of 0.07.
With such small damping ratios the step response approximation is appropriate for hull structures once the force duration exceeds half a modal period. In this case the response magnitude is limited by the maximum rate of change in the forcing term (Clough and Penzien, 1993) .
In non-dimensionalising the displacement response by the peak force magnitude, the response for long force durations was easily observed. However, the response for short force durations was not. The second dimensionless form is the impulse-normalised peak displacement, Equation 25, in which the force duration is not used:
The impulse-normalised peak displacement (ℎ max, * ) is the ratio between the actual displacement response and the displacement response to a Dirac delta impulse of the same magnitude, . Fig. 18 shows that in this form the reduction in displacement response due to the increase in force duration can be seen directly. Again, the curve is only dependant on the damping ratio and not the mode. An impulse response approximation and a step response approximation of the impulse-normalised peak displacement is also included as given by Equations 26 and 27 respectively, where * is the overshoot given by Equation 23: 
Both the impulse and step response approximations provide over-estimates of the modal response. As was the case for the force-normalised peak displacement, the reduction in response follows the step response approximation exactly for long force durations. As the total impulse was held constant in the analysis, the reduction in displacement response for long forces is solely related to the reduction in peak force which was required to maintain a constant total impulse as the force duration was increased. This reflects that the step response is limited by the percentage overshoot. The transition from impulse response to step response is critical to the type of analysis method that should be applied. If the forcing is impulsive for a given mode then the response of that mode to the forcing is governed by the magnitude of the applied impulse. However, if the forcing is not impulsive then the response is dependent on the transient form of the force term. Thus, the force distribution in time is critical for long duration forces, but not for short duration events.
As specified by Equation 21
, an increase in the dimensionless force duration, , can be due to either an increase in the force duration or an increase in the modal frequency. Thus, for constant force duration the horizontal axis can be interpreted as a frequency axis. The Fourier transform of a rectangular pulse is superimposed on the impulsenormalised peak displacement in Fig. 19 . The frequency spectrum is not smooth, tending to zero at integer values of dimensionless time, and the impulse-normalised peak displacement forms an upper bound on the spectrum. The frequency spectrum represents the average magnitude at a given frequency over the entire signal and does not capture local peaks in the signal. This is contrary to the impulse-normalised peak displacement which captures only the peak in the response. For example, mode four in Fig. 15 has a large peak displacement, but would be near one of the local minima in the frequency spectrum. Thus, this mode may not be represented in the frequency spectrum allowing one to conclude it was not strongly excited, when in fact it participated significantly in the response. For structural design, both measures of the response are necessary. The peak displacement should be used to form the peak bending load case, while the frequency spectrum would be more appropriate for fatigue analysis.
The reduced displacement response of a system for increased force duration with constant total impulse can thus be attributed to two fundamental causes. The initial reduction results from reduced bandwidth of the impulsive excitation force. Then, as the impulse duration becomes long the response transitions to a step response and the displacement response reduces due to the reduced peak force while maintaining the same overshoot ratio.
The modal displacement response of the structure underpins the structural loads but, as was shown earlier, using the displacement response as the sole metric for modal participation can lead to significant error when determining appropriate truncation of a modal solution. As the modal displacement response is related to the modal vertical bending moment through the second spatial derivative (or curvature) of the mode shape, small displacements can yield large bending moments if the curvature of that mode is high.
The vertical bending moment resulting from a slam load on the 112 m INCAT wave piercing catamaran was investigated directly. For the 112 m INCAT wave piercing catamaran, the typical slam occurs during arch filling near the centre bow truncation. As specified in Table 2 the slam duration and location considered are 0.15 s and 90.7 m from the transom respectively. The peak vertical bending moment was calculated for a rectangular pulse at the dominant slam location for durations up to 0.25 s using truncation numbers of 3, 6, 9 and 12; corresponding to 1, 4, 7 and 10 vertical bending modes respectively. As shown in Fig. 20 , the higher order modes contribute significantly to the vertical bending moments for short durations, but as the force duration is increased the fundamental mode becomes dominant. Once the force duration exceeds 0.07 s, the contributions from the higher order modes are significantly reduced. Since the duration of actual slams recorded in sea trials is approximately 0.15 s we see that it is the fundamental bending mode (mode 3) which dominates the peak hull bending moment for the 112 m INCAT hull. Also included in Fig. 20 is the experimentally identified vertical bending moment extrapolated from model scale Lavroff et al. (2011) which is approximated well by the uniform beam model. As the duration of the experimental slam event is not known to high accuracy it is shown over the estimated range.
The predicted peak vertical bending moment for a slam duration of 0.15 s is presented in Fig. 21 as a function of the truncation number ( ); note that a greatly expanded ordinate scale has been used on the vertical axis. The peak vertical bending moment can be seen to converge after inclusion of 15 modes to 564 MNm, 17% larger than the bending moment extrapolated from model scale experiments (Lavroff, 2009b) presented in Table 2 . The contribution from the higher order modes to the peak bending moment is relatively small and the estimated peak bending moment using only one bending mode ( = 3) is only 5.5% less than that estimated using 15 modes or more.
The observed dominance of the fundamental bending mode can be shown using the impulse-normalised displacement response. The modal frequencies of modes 1 to 5 were non-dimensionalised using the slam duration of 0.15 s and are marked on the impulse-normalised peak displacement curve in Fig. 22 for the modelled damping ratio of 0.05. Here the dominance of the fundamental mode can be understood immediately. The responses of the rigid body heave and pitch modes is not significantly reduced and they respond as if the slam was a Dirac delta function.
The response of the fundamental bending mode ( = 3) is only reduced by 21%, while the response of the second and higher bending modes ( ≥ 4) are reduced by more than 68%. As the relative peak displacement scales the response of each mode to its impulse response, it provides a better estimate of the modal participation than the overall displacement response. Moreover, the dimensionless force durations for modes 4 and 5 are very close to whole integer values. Thus modes 4 and 5 will have a similar response to that of mode 4 in Fig. 15 where the peak response is significantly greater than the following whipping vibration of that mode. Consequently, these modes may be difficult to identify by spectral analysis.
Although the peak bending moment was estimated well using one flexural mode, this does not guarantee that the bending moment distribution could also be estimated well. Fig. 23 shows the moment distribution at the time of peak bending moment for truncation numbers of three and fifteen (dashed and chain lines respectively) as well as the local peak bending moment over the complete time record (solid line). The moment distribution has been expressed in these two ways as when more than one bending mode is considered the peak bending moment at a given longitudinal position on the hull generally does not occur at the same point in time as the peak moment at another position. Again, the peak bending moments identified at model scale by Lavroff et al. (2011) have been extrapolated to full scale and are included in the figure. The uniform beam model estimates are within 20.6% of the extrapolated model scale results for the aft bending moment and 5% for the forward bending moment, see Table 5 .
In the vicinity of the slam impact, the local bending moment at time of peak global bending moment is increased by 35% with inclusion of the higher order modes. If the local peak bending moment is considered, inclusion of the higher order modes results in larger moments over the entire hull length. The increase is most significant in the vicinity of the slam where the local peak bending moment is increased by 113%. In fact, the peak local bending moment is increased over the entire length of the hull by inclusion of the higher order modes. Thus, although the higher order modes may not contribute significantly to the peak bending moment their influence in the slam region can be substantial. The present analysis does not consider two-way fluid structure coupling effects. Faltinsen (2000) states that "the significance of hydroelasticity increases with…increasing the value of the highest local natural period of the structure." It is therefore expected that the hydroelastic effects in the higher order modes are small.
Effect of Temporal Smoothing
So far the transient forces considered were rectangular pulses with sharp edges whereas slam forces, although short, cannot commence and terminate so abruptly. Clough and Penzien (1993) note that for long duration forces the response magnitude is related to the maximum rate of change in the forcing term. The effect of the edge sharpness on the modal response and vertical bending moment was qualitatively investigated by progressively smoothing the commencement and termination of the slam force using the cosine function to shape the transition while maintaining a constant total impulse, = ∫ . A ramping fraction, , was defined using Equation 29:
where Δ is the time taken to ramp the force up or down. Thus, a ramping fraction of 1 yields a completely smooth force with an effective duration of Δ and a total duration of 2Δ . Smoothed forces with ramping fractions of 0.4, 0.7 and 1 are considered here. The applied smoothed forces are shown in Fig. 24 . The modal displacement responses of modes 3, 4 and 5 are shown in Fig. 25 . The effect of temporal smoothing is more pronounced as the mode number, and therefore modal frequency, increases. In all cases increased smoothing reduces the displacement response. Of the modes presented, the most noticeable difference occurs for mode 5, in which vibration at the modal frequency is almost eliminated resulting in the response tracking the slam force in a quasi-static manner.
The peak vertical bending moment, that is the peak moment over the hull length at a given point in time, is shown as a function of time in Fig. 26 for ramping fractions of 0, 0.4 0.7 and 1 as calculated using truncation numbers of 3 and 15. As the forcing is smoothed the significance of the higher order modes in the bending response is reduced, tending towards a quasi-static response and eliminating the overshoot associated with sharp step changes. In such cases, the resonant frequency of the mode is no longer present in the system response and the maximum spectral component in the signal is determined by the spectral content of the forcing term. The bending moment distribution at time of peak bending moment and the local peak bending moment is shown for a ramping fraction of = 1 in Fig. 27 . With a smooth forcing function the correlation to the model scale tests (Lavroff et al., 2011 ) is improved with a maximum discrepancy of 7.6%, see Table 6 . Inclusion of the higher order modes results in a marginally increased peak bending moment. As was the case for the rectangular pulse the peak bending moment occurring in the region of the slam impact is significantly under estimated when the high order modes are neglected. As the response of the higher order modes is reduced to quasi-static behaviour the effect of these modes on the bending moment distribution can be considered by quasi-static analysis.
Conclusion
The effect of impact duration and temporal smoothing of a slam force has been investigated using a beam model representative of a wet ship system. The analysis was conducted on a modal basis and the effect of truncating the solution at a finite number of nodes considered. A uniform beam on elastic foundation was used as a representative model of the wet ship system to minimise computational effort. Despite the limitations of the model, the predicted peak bending moment for the 112 m INCAT catamaran was found to agree well with experimental data: using an estimated slam duration of 0.15 s the predicted bending moments deviated from experimental results by a maximum of 7.6%. The effect of spatial slam force distribution has not been addressed and may be considered in future work.
The global displacement response was found to be a poor indicator of modal convergence. In the case of a Dirac delta impulse, the displacement response converged quickly as the truncation number was increased while the bending moment response did not converge. The significance of the higher order modes was most pronounced in the region near the impact force where the inclusion of higher order modes significantly increased the peak bending moment. The resulting high frequency components are easily observed in the transient bending moment near the impact location but only weakly observable for more remote measurements. Although spectral analysis can aid in identifying the higher order modes, the perceived magnitude may still be under estimated as the spectral content of the response is limited by that of the excitation. It has been shown that as many as 15 flexural modes may be necessary to correctly predict the bending moment distribution in the region of the slam, but quasi static treatment may be acceptable in the case of smooth forces for modes with dimensionless force durations greater than 1.
As expected, the vertical bending moment was found to reduce with increasing force duration as a result of distributing the energy input over time and thus reducing peak forces. This highlights a significant benefit of the INCAT centre bow which acts to lengthen the duration of the slam impact. It can therefore be expected that higher order modes would be more significant in other high speed catamarans which do not employ such a means of temporally lengthening the slam impulse. The impulse-normalised peak displacement was introduced as a metric to enable the reduction in modal response due to the duration of an impact to be estimated. As this metric considers each mode in isolation it is not subject to the limitations of the global displacement response. For impacts with durations less than half a modal period it has been shown that the temporal distribution of the slam force has little significance and the total impulse determines the modal response. However, in order to properly model the effects of the higher order modes, the temporal distribution of the slam force must be known.
Temporal smoothing of the slam force was found to further reduce the participation of the higher order modes.
However, they still acted to increase the bending moment in the region of the slam. For temporally smooth forces the effect of the higher order modes can be well approximated by quasi-static methods. If the forcing term is nonsmooth, then the response of the higher order modes can be better estimated using a step response approximation as overshoot is present.
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